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Formula 1.3.9 shows that the scattering amplitude from the entire crystal is equivalent to the scattering amplitude 
calculated by assuming a scattering element at each lattice point with a proportional scattering amplitude, as 
expressed below:

This F(K) is called the crystal structure factor and depends on the electron density in the unit cell or on the atomic 
arrangement.

We can express the electron distribution in the crystal as a superposition of the electron distribution of free electrons. 
Assume that the j-th atom in the unit cell is at position rj with respect to the origin of the unit cell and express the 
electron density distribution associated with this atom as j(r - rj). Then, the electron density distribution in the unit 
cell is given by the following formula:

Thus, the crystal structure factor is expressed as follows:

Here, we used r - rj = r’ and expressed the atomic scattering factor of the j-th atom as fj(K). The crystal structure 
factor is the sum of the atomic scattering factors of the atoms in the unit cell with the phase shift K • rj regarded to be 
the contribution from the atom at position rj.

7.2.3  Laue Function
The Laue function is a function incorporated into the crystal structure factor and expresses the relationship between 
crystallinity and angular distribution of the scattered X-rays.

In the crystal structure factor of Formula 7.1.8, denote the sum over the lattice points in the fi rst half as G(K). If the 
crystal is a parallelepiped having three sides parallel to the a, b, and c axes and the numbers of repeating unit cells 
along these directions are Na, Nb, and Nc, respectively, G(K) is given by the following formula:
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7.2  X-Ray Scattering from Crystalline Material

A discussion of scattering intensity requires |G|2 , given by the following formula:

This function is called the Laue function. Finally, the amplitude of the X-rays scattered by the crystal is derived from 
the expression of A(K) and given by the following formula:

The scattering intensity is given by the following formula:

Here, we discuss the characteristics of the Laue function.

Figure 7.2.3 below shows                                                         with            as the horizontal axis. It has major local 

maximum peaks when                      (h is zero or a positive or negative integer) is satisfi ed and is zero at                  ,                                                                                                                                                
                  , and                   on both sides of the major peaks. Smaller minor local maximum peaks appear in 
between. The height of the major peaks is Na

2, and the FWHM of the major peaks is approximately 2/Na. As Na 
increases, the height of the major peaks increases signifi cantly and width decreases. The height of the minor peaks 
is—for example, when Na = 10—4.5% of the major peaks for the fi rst minor peaks and 1.6% of the major peaks for 
the second minor peaks. When Na is large, they can generally be disregarded. In the case of an ordinary crystal with 
large values for Na, Nb, and Nc, the Laue function has sharp peaks only at

where h, k, and l are zero or positive or negative integers.

The local maximum peak value is given by the following formula:

The condition for the above local maximum peaks is called the Laue condition.



Fig. 7.2.2  Laue function:                              (For Na = 10)
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Fig. 7.2.3  Laue function for a axis
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Now we will discuss the spatial relationship between the Laue functions for different axes.

Consider the scattering that occurs when the X-ray beam is incident on a single crystal sample placed at a certain 
orientation. When the single crystal sample is positioned, we determine the direction (a) of the sample a axis. When 
the X-ray beam is incident on the sample, we also determine the incident wave vector k0. The Laue function for the a 
axis restricts only the scalar product of the scattering vector K and the unit cell vector a, so that K is not determined 
uniquely. The scattering wave vector k that defi nes K together with k0 forms a cone and is also not uniquely 
determined. Fig. 7.2.3 shows this relationship schematically. The thickness of the circle on which the tip of the vector 
K rests corresponds to the width of the major local maximum peaks of the Laue function indicated in Figure 7.1.3.

In addition to the a axis, the b and c axes are also present in the sample. The Laue function can be drawn for the b 
and c axes in a manner similar to the a axis. Fig. 7.2.4 shows the Laue function for the b axis added to Fig. 7.2.3. 
The scattering vectors satisfying both conditions are restricted to two vectors. When we consider the Laue function 
for the c axis, the scattering vector K is restricted to a single vector. Clearly, we observe only one diffracted beam 
from the (hkl) plane of a single crystal sample.



Fig. 7.2.4  Laue function for a and b axes

Fig. 7.2.5  Coordinates of the atoms in the simple unit cell
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7.2  X-Ray Scattering from Crystalline Material

The distribution of the scattering vector K is narrower when the widths of the circles specifi ed by the Laue function for 
the a, b, and c axes are thinner. In other words, when the number of unit cells constituting the crystal is greater, the 
scattered X-rays are generated across a narrower range of angles. If the single crystal has an anisotropic shape 
such as an acicular crystal, a plate crystal, or a single crystal thin fi lm, and the number of the unit cells stacked in 
the direction of each axis differs, the spread in the scattered X-rays exhibits anisotropy.

7.2.4  Extinction Rule

The magnitude of F(K) also depends on the value of (pa + qb + rc); that is, the coordinates of he atoms contained 
in the unit cell and the Miller indices. Here we discuss how the value of F(K) changes based on the type of Bravais 
lattice and Miller indices, using an example of a cubic crystal composed of a single type of atom.

A. Simple Cubic Lattice

A simple unit cell is expressed as a lattice formed by eight atoms, as shown in the fi gure below. Among these atoms, 
the coeffi cients (xj, yj, zj) of the coordinates (axj, byj, czj) of the atom at the origin are expressed as (0, 0, 0). Other atoms 
are also found at the origin of the unit cells adjacent to this unit cell, and the coordinates for the atoms in a simple unit 
cell are all given as (0, 0, 0).
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The factor                        within Formula 1.3.9, which expresses the crystal structure factor for a simple unit cell, does 
not depend on the Miller indices, due to the relationship,                                  . Instead, it is given by the following 
formula:

Thus, for a simple unit cell, the following formula holds:

B. Body-Centered Cubic Lattice

The coordinates of the atoms are expressed as (0, 0, 0) and (1/2, 1/2, 1/2) for a body-centered cubic lattice. The 
crystal structure factor is calculated as follows:

In short, the value of the crystal structure factor for a body-centered cubic lattice depends on the Miller indices and is 
expressed by the following formulas:

     : when h + k + l is an even number.
     : when h + k + l is an odd number.

A crystal with a body-centered cubic lattice does not cause diffraction by crystal planes such as (111) and (221). 
The formula describing the phenomenon whereby F(K) = 0 for a set of (hkl) with a specifi c relationship is called the 
extinction rule.

C. Face-Centered Cubic Lattice

The coordinates of the atoms are expressed as (000), (1/2, 1/2, 0), (1/2, 0, 1/2), and (0, 1/2, 1/2) for a face-centered 
cubic lattice. The extinction rule is expressed as follows:

     : when h, k, and l are all odd or all even numbers.
     : when h, k, and l are a mixture of even and odd numbers.
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7.2  X-Ray Scattering from Crystalline Material

D. Cubic Lattice with Diamond Structure

A cubic lattice with a diamond structure has an atomic arrangement formed by overlaying two face-centered cubic 
lattices whose origin is at (0, 0, 0) and (1/4, 1/4, 1/4). The extinction rule is expressed as follows:

     : when h + k + l = 4m
     : when h + k + l = 4m ± 1 (m is zero or a positive or negative integer)
     : when h + k + l = 4m ± 2

E. Cubic Lattice with Rock Salt Structure

The cubic lattice with a rock salt (sodium chloride) structure has an atomic arrangement formed by overlaying the 
face-centered cubic lattice of the Na+ ions with its origin at (0, 0, 0) and the face-centered cubic lattice of the Cl- ions 
with an origin at (1/2, 1/2, 1/2).

     : when h, k, l are all even numbers
     : when h, k, l are all odd numbers
     : when h, k, and l are a mixture of even and odd numbers.

When several types of elements are present in the crystal (as in the case of sodium chloride), the degree of decline 
in the diffraction intensity due to the extinction rule also depends on the values of the atomic scattering factors. For 
example, in KCl and CsI, the atomic scattering factors of the cations and anions are virtually the same. Thus, the 
diffraction intensity is extremely small when h, k, l are all odd.

7.2.5  Effects on X-Ray Scattering Phenomena Other Than Crystal Structure
We describe X-ray scattering by the structures indicated above for an ideal case in which the atom positions are all 
completely fi xed in a crystal free of lattice disorders. Actual materials, of course, are subject to thermal vibration and 
disorders in three-dimensional periodicity, which spread the angular distribution of the scattered X-rays and reduce 
intensity.



X-ray Diffraction Analysis for Thin Film Samples     |     129

References
Basics of X-ray diffraction

“Elements of X-Ray Diffraction (New Edition)”: written by Cullity and translated by Gentaro Matsumura, Agne

Ceramics basic course 3, “X-ray Diffraction Analysis”: by Masanori Kato, Uchida Rokakuho Publishing

Material Science series, “X-ray Structural Analysis”: by Yoshio Waseda & Eiichiro Matsubara, Uchida Rokakuho 
Publishing

Basics of X-ray diffraction and dynamical theory of diffraction

Physical Engineering Experiments 15, “X-ray Diffraction and Scattering Techniques,” Volume 1, by Seishi Kikuta, 
University of Tokyo Press

Physics for contemporary readers 6, “X-ray diffraction and structure evaluation”: by Norio Kato, Asakura Publishing

“Dynamical Theory of X-Ray Diffraction”: by Andre Authier, Oxford Univ Press

Applications of X-ray analysis

Frontier of X-ray analysis: supervised by Yoichi Goshi & edited by Kimitaka Sato, Agne Gijutsu Center

Thin fi lm analysis by X-rays

“X-Ray and Neutron Refl ectivity: Principles and Applications”: by Jean Daillant & Alain Gibaud, Springer-Verlag Telos

“High Resolution X-ray Diffractometry and Topography”: by D.K. Bowen & B.K. Tanner, Taylor & Francis


